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LIST OF SYMBOLS 




A & Reference input elements 

G c = Control elements (or compensating element) 

Gf = Controlled system (or fixed elements or plant 
elements) 

G^ =■ idealized system 
Z — Indirectly controlled system 
H = feedback elements 
V, v & command 
R, r» reference input 
E, esactuating signal 

B, b: primary feedback 

M, m s manipulated variable 
IJ, u = disturbance 

C, c &. controlled variable 



iv 






I, i = ideal value 
Y e , y 0 s system error 

Q, q s indirectly controlled variable 

E/R ^ actuating signal ratio — l/(l-f-G H) 

C/R =: control ratio = G/(l +5 H) 

B/E — loop ratio — GH 

B/R s primary feedback ratio = GH/(l + G H) 

Where G is forward loop transfer function, 

W, w s overall system transfer function or closed 
loop transfer function 

Q/V s W 

RHP, LHP = Right or left half plane 

Large letters represent frequency domain (or transforms) 
and small letters represent time domain* 



* Above are standard symbols taken from reference 1. 
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ABSTRACT 

This thesis contains a compilation and comparison of 
some of the techniques in use today for synthesizing and 
analyzing servomechanisms® The techniques are divided 
into the categories of Trial and Error Design Methods and 
Analytical Design Methods® Trial and Error Design Methods 
include such items as Root Locus techniques. Bode and 
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effort is also devoted to the problem of obtaining a 
proper statement of specifications® 
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Chapter 1 



THE PROBLEM 

1*1 General* 

Feedback Control System synthesis means the 
determination of system and component specifications 
to meet the requirements of a specified job. The first 
phase of such a procedure involves the selection or 
design of a power element adequate to drive the load. This 
paper, however, is not concerned with the selection of 
components, and the power element is stipulated. 

The type of Feedback Control System considered is a 
servomechanism. By definition here, a servomechanism is a 
particular type of feedback control system in which the 
controlled variable is a mechanical position. The out- 
put is the mechanical position of one object relative to 
another. 

The words "synthesis” and "analysis” are frequently 
used interchangeably and loosely. Here, we will use 
J. R. Burnett 1 s^'* definitions 

(1) The synthesis problem. Given the input to a 
system and the required output, determine the transfer 
function of the system. 

(2) The analysis problem. Given the input to a 
system and the transfer function of the system, find the 

*• numerical superscripts refer to Bibliography 
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output of the system. 

The type of system under consideration is lumped 
parameter, finite, time -invariant, and linear* 

Stability is a problem to be reckoned with* We can 
say that stability is the primary consideration in all 
control systems. In that sense, it can be considered as a 
basic specification, always implied. However, in another 
sense, it is of only secondary consideration, because it is 
virtually always possible to render a system stable by some 
form of compensation. For linear systems, stability is a 
function of the system alone and is not dependent upon the 
input to the system. A system whose response will 
eventually become arbitrarily small, once the input is 
removed is "stable”. Stated another way, a system is 
stable, if the impulse response of the system approaches a 
constant value and remains constant for large values of 
time after the impulse has occurred. If the closed-loop 
system function is stated as 



then D(s) is a Hurwitz polynomial, all of whose roots must 
have a negative, non-zero, real part, for stability* 

In the preparation of this paper we have researched 
a great many writings. We find all of them in agreement 
on one thing: In the design of Feedback Control Systems, 
arriving at an accurate and complete statement of the 
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problem is the most difficult phase. The difficulty of 
this phase is aggravated by the fact that Feedback Control 
Systems have permeated all walks of our modern life. The 
science of feedback control knows no bounds as it cuts 
across all historic lines of endeavor. The science has 
become so broad with so many people affected by it, that 
a statement of a particular design problem has little 
universal application. Each problem statement seems to be 
unique unto itself. 

The vastness of this new science is evidenced by the 
fact that many engineers no longer call themselves 
"Electrical" or "Mechanical" or "Aeronautical” Engineers, 
but rather "Control” Engineers. Many books are being 
written and published as "Control Engineering" books. 

There is a great deal of discussion encouraging the divorce 
of Feedback Control Systems from all other historical lines 
of engineering, to let it grow as an independent science. 
1.2 Flow Diagram of Design 

A typical design flow diagram might be as follows? 
(See, for example, writings of R. B. Wilcox^). 



Problem 



Assigned 




Synthesisl 
& Modify 



Complete 
i sign 





Note that "feedback" continually exists through all the 
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design phases. This is what makes control system design 
so fascinating, but at the same time so maddening. 

The problem statement may be given in any one of 
three forms: 

(1) a literal description of what the system is 
supposed to do, or 

(2) a numerical specification of the system per- 
formance , or 

(3) a graphical representation of the system. 

From the designer's viewpoint, numerical specification 
is preferred to eliminate ambiguity, but the price is 
loss of flexibility in meeting changing design considera- 
tions. If no graphical representation Is provided the 
designer is immediately required to prepare a functional 
block diagram of some kind so that he may proceed with a 
component design analysis. Completion of this phase leads 
to the determination of suitable transfer functions for the 
components. Component transfer functions may be determined 
by experimental or analytical means. There are two basic 
experimental methods? determine the transfer function from: 

(1) the component frequency response 

(2) the component transient response. 

Analytical methods require the use of basic mathematical 
and physical principles (for example, Newton's Laws of 
Motion) • 

In any event, a system block diagram may then be 
constructed, from which the n system” (or what we prefer to 
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here call "plant") transfer function is determined in 
either algebraic or graphical form. A pitfall comes 
to light here, because at this juncture, there is a 
tendency to forget the limitations imposed on the 
assumed mathematical model. These limitations might 
result from approximation, initial conditions, noise, 
drift or some other special input. 

System analysis might then proceed using time domain 
or frequency domain methods with or without the aid of 
analog or digital computers. It is this analysis which 
then forms a basis for any synthesis or modification 
technique • 

1.3 Problem Statement 

The type or manner of statement of the problem 
requirements often determines the feasibility of any 
particular approach. Although ideally, the requirements 
are documented in the form of complete numerical specifi- 
cations, more often than not, the only information is the 
general requirement that some given operation must be 
automatically controlled. The designer, therefore, 
must conduct a study to formalize his own detailed specifi- 
cations. 

1.4 Component Design and Analysis 

This paper is not concerned with this phase of 
design. It will here be assumed that the components of 
the plant are specified. We are concerned with the 
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component design of the compensator only in the sense 
of whether the component is physically realizable. 

1.5 Transfer Functions 

Since we here assume linear time -invariant systems, 
transfer functions may be manipulated following algebraic 
rules; isolation between component transfer functions 
is implied. It follows that the concept of superposition 
is valid. This means the output of the system may be 
determined as the result of all the various inputs and 
disturbances, each applied separately. It is also 
possible to distinguish between dynamic and steady-state 
performance in each of these cases. The error may also 
be analyzed both dynamically and in steady state. 

However, a transfer function represents the assumption of 
some mathematical model, and as such, the limitations 
imposed by the assumptions must be kept constantly in 
mind. In the mechanics of attempting system optimization, 
for example, the limitation of saturation is always 
present. As the signal approaches saturation, the assump- 
tion of linearity becomes less and less valid. 

1.6 System Analysis and Synthesis 

The time and frequency analysis of the system 
characteristics is an analytical and/or graphical predic- 
tion that the system will perform as the dynamic specifica- 
tions require. If it does not, then synthesis is 
required to determine necessary modifications and 
revisions to fulfill the response and accuracy 
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specifications. Synthesis and Analysis then go hand in 
hand? the final analysis is the one which defines all the 
characteristics of the completed design* We generally 
refer to system modifications and revisions as system 
"compensation”. Compensation will mean the inclusion of 
that network which is necessary in order tos (1) make 
the system stable , and (2) meet the specifications. 

A study of the literature reveals this phase to be the one 
where writers and designers reach a parting of the ways. 
They proceed down one of two broad paths. The best 
descriptive titles for these paths that we have found are 
those used by Newton^s 

(1) Trial and Error Design Methods, and (2) Analytical 
Design Methods. Some of the more lucid writings in the 
current literature on these two philosophies are those of 
Thaler and Brown^ for Trial and Error Design Methods and 
those of Newton^ for Analytical Design Methods. 

1.7 Objective of This Paper 

In this paper, we attempt to bring under one cover 
a synopsis of the current methods suggested or in use for 
the design of the servomechanism. Our objective is to 
provide insight into that phase of design surrounding the 
problem statement where the designer makes his decision as 
to what approach to attempt first. To that end an under- 
standing of the capabilities and limitations of the 
various techniques is required. The methods considered. 
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although not all inclusive , are those which, in the 
opinion of the authors, do have the greatest usefulness 
or offer the most potential. 

In Chapter 2 we explore more thoroughly the statement 
of specifications* Chapters 3 and 4 contain a summation 
of the basic procedures and mechanics employed in the above 
two design methods* In Chapters 5 and 6, we have listed 
some of the modifications and refinements that are found In 
the current literature. The compilation is not all 
inclusive but the techniques listed attempt in some way to 
make the problem of compensation easier within their 
specified limitations. 
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CHAPTER 2 



SPECIFICATIONS 

2,1 General 

It may often happen that the specifications given to 
the servo designer are either incomplete, incompatible, or 
incomprehensible. Specifications fall into two main 
categories? (1) The specification of control- system 
dynamics and performance, and (2) the general specifications, 
such as power-supply variations and environmental conditions, 
which influence the dynamic characteristics and performance. 
We mentioned earlier that the designer usually must conduct 
a study to formalize his own detailed specifications. 

This study may immediately reveal contradictory specifica- 
tions. It may indicate that relaxation of a particular 
requirement will greatly simplify the control system*, It 
may Indicate that one specification is so domineering that 
satisfaction of that one Is tantamount to overall success. 

A servomechanism is expected to perform any or all of 
the following functions? 

(1) Bring about a change in the actual value of the 
output so that it conforms to a desired value at all 
times; 

(2) Minimize the effect of varying component per- 
formance on the output; 

(3) Minimize the effect of disturbances. 

The performance specifications determine the degree of 
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excellence with which the sewo must carry out the above 
functions# This means that the performance specifications 
must be given in terms of the desired output for a given 
input# It is, therefore 9 necessary to explore the type of 
inputs that might arise. 

2.2 Inputs 

The input signal may be one of the following types? 

(a) Aperiodic,, noise free 

(b) Aperiodic;, with noise 

(c) Periodic, noise free 

(d) Periodic 3 with noise 

(e) Stochastic, noise free 

(f) Stochastic, with noise 

(Noise is regarded as any input-signal variation that is 
not a measure of the information carried by the input.) 

Some typical specifications for the six types of 
input signals listed are as follows (see chapter 16 of 
reference 4)? 

(a) Aperiodic, noise free 

(1) The system dynamic error shall neither exceed 
a specified maximum value, nor shall the 
steady state error exceed a specified maximum 
value • 

(2) The integral- square system error shall not 
exceed a specified value. 
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(3) The system error, in addition, shall not exceed 
a specified amount in the presence of a 
specified disturbance that occurs at some 
specified point in the system® 

(4) See paragraph 4®2 for other possible error 
specifications® 

(b) Aperiodic, with noise 

(1) Given that the first component of the system 
error is that for zero noise step inputs the 
second component is the value of the output 
from noise alone? then the square root of the 
sum of the squares of the two components shall 
not exceed a specified value® 

(Aperiodic signals commonly considered are steps, ramps, 
impulses, pulses, or an input expressed as a power series 
in time ® ) 

(c) Periodic, noise free (only fundamental frequency 

present) 

(1) The frequency response shall be characterized 
by a specified peak magnitude ratio (output/ 
input) occurring at a specified frequency® 

(2) The magnitude ratio (output/input) shall be 
within a band of some specified number of 
decibels over a specified frequency range, and 
phase shift (output/input) shall not exceed a 
specified amount over this same range® 
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(d) Periodic, with noise 

(1) Error expressed in a similar manner to that of 



aperiodic, with noise, above. 

(e) Stochastic, noise free (see paragraph 2.4 for 
definition. ) 

(1) System error shall not exceed a specified rms 
value when the input autocorrelation function 
has a given value. 

(f) Stochastic, with noise 

(1) System error shall not exceed a specified rms 
value when the input signal autocorrelation 
function, the input-noise autocorrelation 
function, and the signal- to- noise cross- 
correlation function are given* 

2.5 Disturbances 

It is also necessary to specify performance in 
response to a given load and/or disturbance occurring at 
points different from the input. The load or disturbance 
can also be classed as aperiodic, periodic, or stochastic. 
Typical specifications take on the same form as those above 
for inputs. A load specification, however, usually 
prescribes the amount of time allowed for the output to 
recover to within a specified deviation. 

2.4 Stochastic Signals 

A stochastic process is one in which there is an 
element of chance. Sometimes the input to a system is not 
completely predictable and cannot be described by a 
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mathematical function of time. A typical example of a 
stochastic process is a radar signal mixed with noise. 

Since the value of a stochastic signal cannot be determined 
with certainty at a given instant of time? probability 
density functions and other statistical characterizations 
such as the average value ? the rms value ? and the correla- 
tion function are used to describe the signal (see Appendix 
B) . However? it is necessary to think of a stochastic 

q 

signal as a member of a family of signals? each generated 
by an identical process. Such a family of signals is called 
an ensemble and the statistical characterization (such as 
a correlation function) of the stochastic process is related 
to the ensemble rather than to a particular member of the 
ensemble o It? therefore? follows that the determination of 
the response of a system to a stochastic input does not 
yield a function of time? but rather a statistical 
charac terication of the output signal ensemble (see Chapter 
4). 

2.5 Philosophy on Choice of Test Input 

It may be necessary for the designer to prescribe his 
own inputs when analyzing the effects of noise? or load 
disturbances? or the effects of environmental conditions 
such as temperature? humidity? corrosion? etc. Even though 
the time domain characteristics are frequently specified in 
terms of the response ratio of the output to a step-function 
input? many others may be , specified or ifnplied. Further- 
more? they may be extremely complicated — requiring 
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graphical description either in the time domain or as a 
power density spectrum. It might be well here to quote 
the feelings of some writers in the field. It is to be 
noted that they are not all in agreement. For example, 
the following quotation (page 308, reference 5) succinctly 
expresses one viewpoint: 

"The characteristics of a particular servo should be 
determined by the actual input, the actual uncontrolled 
disturbances acting on the system and the actual output 
requirements. It is clearly not sufficient to assume the 
input to be a step in displacement or velocity, nor Is it 
sufficient to require only that the transient response be 
well damped and that the velocity lag be small .... In 
general, the actual input and noise as well as the output 
requirements need a statistical description .... One can, 
of course, conceive of specialized servo problems, in which 
the input is a displacement step and in which the require- 
ments are based on the transient response; but they are the 
exception rather than the rule." (words of R. S. Phillips). 

On the other hand, quoting from the same reference 
(page 18): "The performance of a servo can also be 

specified in terms of its response to a step function. 

The procedure of experimentally and theoretically studying 
a servo through its response to a step- function input is 
extremely useful and is widely used for a number of 
reasons. The experimental techniques used in such 
testing are simple and require a minimum of instrumentation. 
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The characteristics of any truly linear system are, of 
course , completely summarized by its response to a step- 
function input® That is, if the step- function response 
is known, the response to any other arbitrary input signal, 
can be determined® It would be expected, therefore, and it 
is true, that with proper interpretation the step-function 
response is a powerful and useful criterion of overall 
system quality®” (words of I® A® Getting)® 

But, progress and advances in technology must be 
recognized*, Less than ten years later. Dr. T® C® Fry, Bell 
Telephone Lab, Inc® saids ,, «..® in any actual guidance or 
fire-control problem, we are not really concerned with the 
response of the system to some particular, ideally defined 
tactical input® We are concerned with its response to the 
whole gamut of possible tactical situations, including all 
the possible variability in the enemy path and all the 
possible errors which may be produced by random perturba- 
tions in the input data or in the mechanism itself® 
Obviously, this adds elements of information theory, 
statistical theory or whatnot and greatly increases the 
level of (essentially mathematical) insight required for 
effective work®” 

The writers seem to be hitting at the same old saw of 
the tug-of-war between abstract mathematics and 
engineering approximations* To easily and practically 
accomplish a design by hand, on paper, requires simple 
inputs. The use of the step input, for example, does take 
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into consideration the the whole frequency range o But., 
as control systems become more and more sophisticated,, it 
becomes necessary to consider more sophisticated inputs* 

This fortunately becomes feasible in the modern day with 
the use of computing machinery* 

2 o6 Static Characteristics 

The static performance specifications describe the 
steady state value of the system output* Although the 
statement of them is a simple matter-, their importance 
lies in the fact that they sometimes immediately establish 
the type 3 system which must be used® For example 3 if a 
system is to have no steady state error in response to a 
step inputs it must be at least Type 1 (meaning one pure 
integration must exist in the open-loop transfer function) 5 
if no steady state error is to exist in response to a ramp 
inputs the system must be at least Type 2* (Two pure 
integrations must exist in the open-loop transfer functions*) 
Normally an acceptable following error must be stated 
for the response to a ramp input* Some maximum allowable 
output is usually stated for the response to a disturbing 
input* 

2*7 Dynamic Characteristics 

The desired dynamic characteristics may be specified 
in terms of transient or frequency response* (If defined 
in both domains,, their compatibility must be determined*) 

The three main themes of engineering design might be 
tabulated as follows % 



TABLE I 



SPEED OP 


RESPONSE 




RELATIVE STABILITY 


Transient 

Domain 


Frequency- 

Domain 




Transient 

Domain 


Frequency 

Domain 


a) time 

constant 


a) bandwidth 




a.)% of first 
overshoot 


a) Peak value 
of closed 
loop output- 
input 
amplitude 
ratio 


b) rise 
time 

c) settling 
time 


b) cutoff 
frequency 

c) frequency of 
peak 

overshoot 




b) number of 
overshoots 


b) gain and 
. phase margin 
of open~ 
loop 

frequency 

characteris- 

tic 



ACCURACY 

Allowable error in terms 

of % or per unit of controlled 

variable, stated ass 

a) Maximum 

b ) Ave rage 

c) rms value 
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2 o 8 Required Specifications 



The three main themes of design specifications are 
essentially those of (l) speed of response^ (2) stability,, 
and (3) accuracy,, The Trial and Error Design Methods 
specification requirements ares 

(1) Input Signal 

(2) Desired Output 

(3) Disturbances and special inputs 

(4) Allowable error 

(5) Plant elements (fixed) 

(6) Relative stability 

The Analytical Design Methods specification requirements 
ares 

(1) Input signal 

(2) Desired Output 

(3) Disturbances and special inputs 

(4) Performance index and required value of same 

(5) Degree of Freedom allowed in compensation 
Notice that the specifications for the two methods 

have two basic differencess 

(a) The Analytical Design Method calls for a 
performance index vice allowable error and relative 
stability specifications » A performance index is simply 
a single number which is used as an indirect measure of 
system performance® Its use is an attempt to replace the 
functional description of the performance of a system 
through its response parameters (such as peak overshoot,, 
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rise time,, etc.) with a numerical description that rates 
the system performance with a single number. 

(b) The Analytical Design Method calls for the degree 
of freedom allowed in compensation vice relative stability 
and plant elements specifications. This specification is 
not strictly necessary* but practically it is. With 
constraints imposed by degrees of freedom* it is possible 
to categorize large portions of the computational 
mathematics for all time* and make use of only the results 
of this categorization in a particular problem. More will 
be said about these differences in the next two chapters. 
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CHAPTER 3 



BASIC TRIAL AND ERROR DESIGN METHODS 
3.1 General 

Almost all Trial and Error Design Methods depend 
upon the ability to express the output of a component or a 
servomechanism with respect to an input in terms of 
differential equations. These equations are almost 
universally transformed into algebraic equations by the 
Laplace transform. After this transformation is made* 
components can be collected Into one overall mathematical 
model by well known* easily applied methods* and analysis 
and synthesis of the system is made directly in terms of 
these equations. 

Most methods utilize and depend upon the open-loop 
transfer function or equation* the closed-loop transfer 
function* or a combination of the two functions. Test 
inputs with simple Laplace transforms are applied to these 
equations, the output is compared to the input* and various 
parameters are measured to determine the acceptability of 
the mathematical model of the servomechanism. Then the 
necessary hardware is determined to match the model, or 
the model is changed and another comparison or analysis is 
made . 

Specifications and design parameters which must be 
satisfied by servomechanism adjustment are expressed in 
terms of either transient response to a nonperiodic test 
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input or frequency response to a periodic test input 
(almost universally a sinusoidal function) . 

Several design methods work with the transfer 
functions directly in the frequency domain, taking 
advantage of the fact that the analytical or graphical 
results will be directly related to the frequency response 
parameters such as bandwidth or amplitude of response at 
resonant frequency,* 

In the analysis of a servomechanism, most methods 
treat the servomechanism as a modification of a system 
with a second order differential equation# The output of 
any second order system is exactly known for any of the 
useful test inputs and the family of curves is not 
difficult to reproduce# This is done to simplify the 
description of the output with a given input to one that 
can be easily formulated. It is found in practice that 
the above treatment is almost always a useful approximation 
if it is but remembered that it is an approximation. 

5.2 The Mathematical Model and Graphs of Response 

An early task of the designer is to assemble his 
likeliest components, or the given components, into a 
representative mathematical model. The whole process of 
design depends upon the validity of the model, being only 
as accurate as the model which is used to describe the 
assembly of hardware. The transfer functions of the 
components can be gotten from experimental tests made upon 
them or from the differential equation of the physics of 



22 



the component* Even when the form of the differential 
equation is known, experimentation is often required to 
obtain the values of the parameters. In this paper, 
analysis is described as the determination of the output/ 
input characteristics from the transfer function, but in the 
determination of the equations for a component all of the 
analysis theory and methods can be used in reverse. 

There are graphical displays which are used to portray 
either the mathematical model or the response of the system 
to a given input. Some of the more useful ones in analysis 
and synthesis ares 

(a) Frequency Response Graphs-- amplitude of the output/- 
input ratio and phase shift vs. frequency, 

(b) Bode Diagram or Attenuation Diagram--log amplitude 
of the open loop output/input ratio and phase shift 
vs. log frequency, 

(c) Nyquist Diagram- a polar plot of amplitude of the 
open loop output/input ratio and phase shift with 
frequency as a parameter. 

(d) Inverse Complex Plane Diagram- -a polar plot of the 
inverse of the amplitude of the open loop output/ 
input ratio and phase shift with frequency as a 
parameter, 

(e) Nichols Chart- a log amplitude of the open loop 
output/input ratio vs. phase angle with frequency 
as a parameter. Log amplitude of the closed loop 
(unity feedback) vs. phase shift is overlaid on 
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the chart 



(f) Root Locus Diagram-*- the complex plane upon which 
the poles and zeros of the mathematical model are 
plotted* 

3*5 Specifications 

The operation of a servomechanism can be described 
by its specifications* These specifications are defined 
in such a way as to describe the speed of response , the 
stability, and the accuracy of the servomechanism* The 
specifications used in Trial and Error Design Methods all 
stem from the ratio of the output of the servomechanism 
to the input for a given type of test input* 

There are three major types of specifications* 

There are those specifications which are determined from 
the open- loop frequency response $ others which are 
determined from the closed-loop frequency response f and 
a third type which are determined from the transient 
response to a specified input, usually a unit step 
function* 

Theoretically the closed-loop response to a step 

input and the closed-loop frequency response can be shown 

4 

to be equivalent . In practice, the correlation between 
the two is usually quite remote, and the conversion from 
one response to the other involves graphical methods of 
integration with many repeated calculations* There is 
direct correspondence between the open-loop and the 
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closed-loop frequency response and this relationship is 
not hard to determine* 

There are a great many different measurements used 
today in servomechanism design to specify the character 
of the servo * Most of these measurements are inter- 
related;, and many of them are either synonymous or at 
least they describe the same type of output* 

The following list of specifications is intended to 

1-16 

be merely a sample of those more frequently used* 

Many of them require amplifying modifiers not to be 
ambiguous* 

(a) Open-Loop Frequency Response Specifications 

(1) Phase Margin is 180° minus the angular 
difference in phase between the output and 
the input at the highest frequency where the 
output is of the same amplitude as the input* 
It is a measure of the relative stability of 
the system,, being unstable at non-positive 
values* 

(2) Gain Margin is the ratio of the amplitude 
of the input to the amplitude of the output 
at that frequency where the phase shift 
between the input and the output is 180°* 

It is usually expressed in decibels and is 
a measure of relative stability,, being 
unstable for non-positive values of decibels* 
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(1) Phase Margin 

(2) Gain Margin 



(b) Closed-Loop Frequency Response Specifications 

(3) Peak Amplitude Ratio (Mp) is the maximum 
ratio of output to inpute It is a measure 
of the relative stability of the system# 

(4) Frequency of Peak Amplitude Ratio is a 
measure of the speed of response of the system# 

(5) Bandwidth is one of the specification parameters 
which has no standardized definition# It is a 
measure of the frequency range at which the 
amplitude falls within specified limits# A 
popular limit is that the amplitude ratio be 
between 4 - 3db and ~3db« It is a measure of 
speed of response# 

(6) Cutoff Frequency is much like bandwidth# It 
is the upper frequency at which the amplitude 
ratio reaches some specified value# Common 
ones are 0 db, -3db s -6db P or -20db# 
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(3) Peak Amplitude Ratio 



(4) Frequency of Peak 
Amplitude Ratio 

(5) Bandwidth 

(6) Cutoff Frequency 

(7&8) Damping Ratio ( f ) and Undampe d Resonant 
Frequency ((|J n ) are specification factors 
in that they completely specify the 
response of a linear second order servo- 
mechanism.. All of the other specifications 
listed are fixed by ( J) and (U>n) for a 
second order system* The vast majority of 
servomechanisms have a dominant factor 
which is second order in character* 
Consequently ( f ) and (tUn) specify the 
type of response of a higher order system 
to a more or less close degree* 

(c) Transient Response Specifications to a Unit Step 
Input 

(9) Pe ak Overshoot (Mp^.) i s the maximum amplitude 
of the first overshoot measured from the 
final steady state output,. It is a measure of 
relative stability! the more the overshoot, the 
less stable the system* A system with no over- 
shoot is said to be "overdamped" while one with 
an overshoot is said to be "underdamped"* 

(10) Time of Pe ak Overshoot (tp) is the time from 
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step input until the time of the maximum 
amplitude of the first overshooto It is a 
measure of the speed of response of the 
system* 

(11) Rise Time is the time for the output of the 
system to cancel a certain portion of the 
error. A commonly accepted Rise Time is the 
time for the system to move from 10$ of the 
final value to 90$ of the final value. It 
is a measure of the speed of response. 

(12) Charac terlstic time ft? c or Jf $j) n ) is the 
logarithmic decrement of the dominant 
portion of the response. It is a measure 
of speed of response. 

(13) Settling time is that time required for the 
servomechanism to reduce the error below and 
remain less than a certain percentage of the 
input step. Commonly accepted percentages 
are 5 a 2 ff and 1 which make the settling time 
become approximately 3 5 4 5 and 5 times the 
characteristic time. It is a measure of the 
speed of response of the system. 

(14) Numbe r of Overshoots is the number of over- 
shoots of the output during the settling 
time. It is a measure of the relative 
stability of the system. 
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(15) The Error Coefficient is a measure of the 
steady state error of the system.. It is 
dependent upon the type of the system and 
the gain of the system.. 




3.4 Analysis 

A very important part of the synthesis of a servo- 

4- 

mechanism is the analysis of the system under test to see 
if it does or does not meet the required specifications. 
As we have seen, these specifications are invariably an 
expression of the comparison of one form of outputs to- 
input relationship or another. The more quickly one is 
able to determine this relationship, the shorter the job 
of synthesis will be. Many of the analysis methods 
available are in reality shorthand techniques at 
approximating the output- to- input relationships. 
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Remember that linear servomechanisms have output- to- 
input relationships which are expressible as linear 
differential equations . The type of input to which these 
systems are subjected are the boundary conditions for the 
differential equations. Since it has been found that the 
equations can be handled or solved more readily in the 
Laplace transformed conditions, mainly because the operators 
can be manipulated algebraically, the system equations are 
normally in this form. This is known as the frequency 
domain, and it is the one in which most synthesis is per- 
formed. 

The frequency response of a system is easily obtained 
by simply solving the closed-loop transfer function for 
j U)c If the open-loop transfer function is known and 
available, rather than the closed-loop transfer function* 
one can obtain the frequency response directly without 
first solving for the closed-loop transfer function. This 
is done by plotting the frequency response of the open=»loop 
system and then transforming the coordinates. If there 
happens to be a feedback function other than unity, the 
transformation requires one more step, but it is still 
useful. 

Unfortunately many of the specifications are pre- 
scribed in the time domain using the transient response to 
an aperiodic input. This situation has come about largely 
because it is easier for the specifications writer, and 
indeed for anyone, to visualize the effect upon, and the 
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action of 5 the servomechanism in that plane. So there is 
a requirement to know the response of the system to a 
transient input. There are several avenues of approach 
available to determine the transient response. 

The most obvious approach s but unfortunately the one 
which usually entails the most labor 9 is actually to solve 
the differential equation with the prescribed boundary 
conditions. Normally this amounts to taking the Inverse 
Laplace transform of the closed-loop transfer function 
multiplied by the Laplace transform of the input. A 
modification of this technique is to get the approximate 
output response by solving only for the dominant features 
of response p ignoring the less important features. Note 
that some prior experience is helpful in determining what 
is a less important feature. 

A second avenue of approach is to determine first the 
frequency response and then plot the time response from the 
frequency response. It has been shown that the two 
responses are uniquely equivalent. It is extremely un- 
fortunate that the equivalency is too obscure to be seen 
immediately by the average eye— or for that matter by many 
a trained eye. The transformation from the frequency 
response to the transient response to an impulse or step 
involves repeated graphical Integrations s and without a 
digital computer can be a tedious operation. 

A thirdp and the most frequently used approach is to 
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assume that the system is like a second order system and 
that the relationship among its transfer function^ its 
frequency response^ and its transient response are closely 
related to a second order system. The great majority of 
servomechanisms are dominated by one pair of complex 
conjugate roots possibly with a single dipole near the 
origin. If the system is assumed to act like a second order 
one with only the complex conjugate roots s full advantage 
can be taken of the known relationships of second order 
systems with respect to transfer functions g frequency 
response characteristic <, and transient response characterise 
tics. The results can be appropriately modified if there 
is a dipole near the origin. 

The frequency response can be determined from the 
transient response. This is of value when a physical 
component is available for transient response testing p and 
the transfer function is unknown. 

In summary;, it is seen that the loop transfer function;, 
the frequency response^ and the transient response of a 
servomechanism each uniquely defines its characteristics* 
Analysis is then the method of jumping from one of these 
four descriptions of the system to another. 

5.5 Synthesis 

The determination of a transfer function or a set of 
components which will comply to given specifications is 
synthesis. Often our choice of components is either 
limited or partially specified. This restricts our ability 
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to determine the transfer function or the remaining 
components. 

In synthesis as well as in analysis^ heavy reliance 
on second order (or possibly 3rd order) approximations is 
required in many of the present methods-, expecially if the 
specifications are given in terms of the transient response. 

An analysis of the specifications will quickly show 
what type of closed-loop transfer function is required in 
order to remain within the specifications. The real trick 
of synthesis is to translate this closed-loop transfer 
function^ either real or implied,, into an open-loop function 
which can then be stated in terms of components. 

This transformation is not a unique one and s therefore 9 
there is an infinity of combinations of components which 
will fall within the specifications. Unfortunately there 
is a much greater infinity of combinations which will not 
fall within the specifications. 

The designer is allowed a considerable amount of 
leeway in the selection of a transfer function or of the 
components he must use. This leeway is allowed partly 
because the specifications usually require the system to 
fall within certain fairly broad limits and partly because 
the change in specifications due to a change in servo- 
mechanism parameters is usually not a sharp change. Since 9 
to improve upon one specification* the servomechanism must 
often be allowed to relax another specifications and since 
it is unlikely that the specifications can be described as 
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optimum to begin with, the design of servomechanisms is as 
much an art as a science© 

The most usual case is the one in which the whole 
system*, except for a compensator or two*, is already chosen*, 
and it is only a matter of deciding what the compensator will 
be* Even the selection of the place to put the compensation 
may be restricted due to the limited physical accessability 
of the signal flow* 

5 »6 Compensation 

There are two major methods of compensating a servo- 
mechanism® One is to place the compensator in the forward 
path (called cascade compensation)*, and the other is to 
place the compensator in the feedback path (called feedback 
compensation) ® 

Cascade compensation is the most widely used of the two 
because it generally requires simpler and less expensive 
elements® It is easier to synthesize a system using 
cascade compensation because the relationship between open- 
loop and closed-loop frequency responses and transfer 
functions is more direct® Drift of the parameters of the 
active elements In the forward path disturbs the effect of 
cascade compensation more seriously than it would disturb 
feedback compensatiqji® Cascade compensation elements are 
normally placed In the forward path at signal power levels 
rather than at output power levels® This allows the use of 
smaller network elements since little power must be 
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dissipated*. The two types of cascade compensation that are 
generally used are lead compensators and lag compensators. 

Lead compensators act as a derivative path in parallel 
with a direct path# The derivative path tends to increase 
the output to input ratio at high frequencies. At these 
same frequencies it decreases the amount of phase shift 
that would occur in the uncompensated system# The impor~ 
tance of the lead compensator is that it tends to cause the 
180 ° phase shift to occur at a higher frequency providing 
a larger degree of phase margin than would otherwise be 
available# The main objection to lead compensation is 
that it causes a great attenuation of the forward signal*, 
requiring a substantial increase in required gain in the 
power element in order to maintain the same steady state 
accuracy as before compensation# Also lead compensators 
tend to increase the bandwidth of the servomechanism 
making it more susceptible to high frequency noise. The 
transfer function of the compensator is of the forms 



Lag compensators act as an integrating path in par- 
allel with a direct path. The integral path tends to 
increase the output to input ratio at low frequencies 
while the phase shift is increased at the same frequencies. 
The lag compensator is used to increase the steady state 
accuracy of the uncompensated system. The time constant 
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of the pole of the lag compensator must be made large 
enough that the accompanying phase shift does not impair 
the stability of the system* and yet it cannot be too 
large or the transient error will tail-off too slowlyo 
The transfer function of the compensator is of the forms 



Lead- lag compensators complement the virtues of the 
lead compensator with those of the lag compensatoro The 
relative stability is increased with the lead compensator 
while the steady state accuracy is maintained* or at least 
the attenuation of the lead compensator is offset* with the 
lag compensator. 

Combinations of lead and lag compensators can be used 
to gain further benefits from these compensators. It must 
be remembered that isolation must exist between adjacent 
compensators for the transfer functions to be correct when 
multiplied. This isolation can be achieved with a buffer 
amplifier or cathode follower. 

Feedback compensation* while more complex and 
expensive in components* allows a greater flexability than 
cascade compensation. At reasonably large gains* it tends 
to nullify the effect of the forward components around which 
it is placed* making the whole appear like the inverse of 
the feedback function. Thus it is an ideal method of 
replacing an undesirable function with a desirable one. 

A forward component with a shifting or uncertain gain or 
parameters in the transfer function can be made quite 
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rigid by the proper use of feedback compensationo 



Tachometer feedback compensation is a very common 
method of dampening a servomechanism to make it more stable 
or to reduce the transient overshoot* The steady state 
accuracy suffers with tachometer feedback* but this may be 
corrected by placing a filter in cascade with the tachom- 
eter in the feedback loop* 

3*7 Summary 

The Trial and Error Design Method might be summarized 
as follows s 

(a) The given specifications ares input signal* 
desired output* disturbances* allowable error* plant 
elements* and degree of stability required* 

(b) On the basis of experience or preliminary 
approximations, select a form of compensation* 

(c) Establish the parameters for the compensation 
exclusive of system gain* 

(d) Adjust the system gain in accordance with the 
stability requirements* 

(e) Analyze system to see if the error is satisfactory* 

(f) If the error exceeds allowable limits* repeat the 
process* using different compensation? continue until error 
specifications are met* 

Although the theoretical design objective is the attainment 
of the "best possible” servo* a more mundane design objec- 
tive is the attainment of an "adequate" servo* 
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CHAPTER 4 



BASIC ANALYTICAL DESIGN METHODS 
4ol General 

The authors received almost all their training and 
schooling in servos using Trial and Error Design Methods© 
The particular problem that motivated them for this type 
of thesis was the fact that they were unable to recognize 
an inconsistent set of specifications© Background training 
was more than ample to select some method and to forge 
ahead to a design! if it failed to satisfy the specifics”* 
tion 3 to start over, to keep starting over until a solu° 
tion was found or patience was exhausted,, never really 
knowing whether a solution existed,, or in the case where 
a solution was founds whether it was the best solution© 

Analytical Design Methods purport to solve this 
dilemma- And this is true in the sense that if it is 
assumed that a performance index is able to incorporate 
all the specifications into it,, the method;, being a pure 
mathematical minimizing or maximizing process 0 is able to 
Immediately reveal,, solely by the mathematics g whether a 
stated performance Index can be achieved. 

Recall that the three main themes in specifications 
are speed of response,, stability and accuracy! it seems 
reasonable to believe that some performance index that 
Includes error time and an appropriate weighting function 
for the error, can represent the specifications,, or at 
least most of them© 
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In selecting a performance index, we need an answer 
to the question of what kind of output is desirable for 
the servo® If there were no uncontrolled disturbances 
(or noise) our goal would be to make the output follow the 
input perfectly# But, generally, in the presence of 
disturbances, if the servo follows the input perfectly, it 
will also do a good job of following the noise# To 
establish a figure of merit or performance Index, then, 
requires a compromise# The performance Index must be 
practicable, not too difficult to apply, and of general 
applicability# It should also be a measure of the ave rage 
behavior of the servo, rather than be affected by short- 
lived deviations from the mean, or shifts in the time axis 
Quite a number of performance indices are in use or have 
been proposed, some of which are discussed below# 

4#2 Performance Indices for Transient Signals 

(a) Performance Indices which are not time weighted? 
oo 



(1) ”"P| - [ (Hz (called Control Area) 

" J o 

(2) p _ f”E*i_/A 1 / (called Integral 

2 > -ttjdrc Absolute Error - IAE ) 

(3) _ f ^ V A J j (called Integral- Square 

3 " J 0 u ' Error => ISE) 

Two of the above indices (P-^ and Pg) can be used in purely 
analytical procedures whereas Pg contains discontinuities# 
Pj_ was proposed by T 0 M# Stout^, Pg by Flckelson & Stout®, 

q 

and Pg by Hall and Sartorius « P 5 is sometimes called 
the Hall-Sartorius criterion# It can be seen that all of 
these Indices heavily weight the error at the beginning of 
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